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In this article we provide a characterization of maximal and
minimal Fermat curves using the classiﬁcation of supersingular
Fermat curves.
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Let C be a curve (projective, nonsingular and geometrically irreducible) deﬁned over a ﬁnite
ﬁeld Fq , and let g(C) denote its genus. We have the following bounds on the cardinality of the
set C(Fq) of Fq-rational points:
q + 1− 2g√q #C(Fq) q + 1+ 2g√q,
which are well known as the Hasse–Weil bounds. If the cardinality of the ﬁnite ﬁeld is a square, then
we say a curve is maximal (resp. minimal) if it attains the above upper (resp. lower) bound.
Ihara (see [2]) showed that if a curve C is maximal over Fq2 , then
g(C) q(q − 1)/2.
Rück and Stichtenoth (see [5]) showed that if a curve C is maximal over Fq2 and its genus satisﬁes
g(C) = q(q − 1)/2, then C is isomorphic to the Hermitian curve H over Fq2 , i.e., the Fermat curve of
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Xq+1 + Y q+1 = Zq+1.
The problem addressed in this article concerns the classiﬁcation of Fermat maximal (as well as
minimal) curves. In this article we always assume that C(m) denotes the Fermat curve given by the
aﬃne equation
Xm + Ym = 1,
which is deﬁned over a ﬁnite ﬁeld of characteristic p and p does not divide m.
Remark 1. As J.P. Serre has shown (see [4]), a subcover of a maximal (resp. minimal) curve is also
maximal (resp. minimal). Therefore the curve C(m) is maximal over Fq2 if m is a divisor of q + 1.
In [1], among other things, it has been proved that C(m) is maximal over Fq2 if and only if m di-
vides q+ 1. In this note we give a new and shorter proof of this result. Moreover, using the argument
of the proof we characterize all minimal Fermat curves over Fq2 .
In the following lemma we recall the relation between maximality and minimality of a curve over
a constant ﬁeld extension (see [6, Theorem V.1.15]):
Lemma 2. Let C be a maximal curve over Fq2 . Then C is maximal (resp. minimal) over the constant ﬁeld
extension Fq2r if r is odd (resp. if r is even).
By deﬁnition an abelian variety in positive characteristic is supersingular if the ﬁrst crystalline
cohomology group has all slopes equal to 1/2. A curve is called supersingular if its Jacobian is super-
singular. We recall the following fact (cf. [1]):
Proposition 3.Maximal and minimal curves over Fq2 are supersingular.
From the results in [7] (in particular Theorem 3.5) we have that:
Theorem4. Let C(m) be the Fermat curve of degreem deﬁned over a ﬁnite ﬁeld of characteristic p. Let f denote
the order of p in the group (Z/mZ)∗ of units of the ring of integersmodulom. If the curve C(m) is supersingular,
then f is even and m is a divisor of pe + 1 with e = f /2.
Now we are able to prove the main result:
Theorem 5. Let C(m) be the Fermat curve of degree m deﬁned over Fq2 with q = pn. Then
1) C(m) is maximal over Fq2 if and only if m divides pn + 1,
2) C(m) is minimal over Fq2 if and only if n is even and there is a divisor e of n/2 such that m divides pe + 1.
Proof. Suppose C(m) is maximal (or minimal) over Fq2 , q = pn . We ﬁrst show that
p2n ≡ 1 (modm).
In fact, let d denote the gcd(m,q2 −1). If C(m) is maximal (resp. minimal) over Fq2 , then the curve C1
with the equation Yd = 1− Xm is also maximal (resp. minimal) since it is covered by the curve C(m).
We also have
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If d <m then the plane curve C1 possesses just one inﬁnite point, which is the center of d places of
degree 1 in the function ﬁeld Fq2 (C1), and that d is just the number of places of degree 1 centered at
inﬁnite points of C(m). Hence #C(m)(Fq2 ) = #C1(Fq2 ). Therefore g(C(m)) = g(C1) and we conclude
that d =m.
Let f be the smallest positive integer such that p f ≡ 1 (mod m). Easily one can show that
f divides 2n. Set 2n = f h. From Proposition 3 we know that maximal (or minimal) curves are su-
persingular, thus Theorem 4 implies that f is even and m divides pe + 1, with e = f /2. Hence C(m)
is also maximal over Fp f .
1) If C(m) is maximal over Fq2 , according to Lemma 2 we can conclude that h is odd. Hence
m divides q + 1. Conversely if m divides q + 1, then the curve C(m) is covered by H and so is
maximal over Fq2 . This completes the proof of 1).
2) If C(m) is minimal over Fq2 , again from Lemma 2 we can conclude that h is even. This implies
that n is even, whence e divides n/2. The converse follows from Lemma 2. 
Remark 6. Assume q = p is a prime number. If the curve C(m) is maximal or minimal over Fp2 ,
then [1, Theorem 3.3] implies that the Hasse–Witt matrix of C(m) is zero. Hence from [3, Corollary 1]
we get that m is a divisor of p+1. But in this case, the curve C(m) is covered by the Hermitian curve
H = C(p + 1) and so Remark 1 implies that C(m) is maximal over Fp2 . Therefore we conclude that
there is no minimal Fermat curve over Fp2 . The above theorem generalizes this result.
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